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Examples of Naked Singularity Formation in
Higher-Dimensional Einstein-Vacuum Space-
times
Xinliang An and Xuefeng Zhang
Abstract. The vacuum Einstein equations in 5+1 dimensions are shown
to admit solutions describing naked singularity formation in gravita-
tional collapse from nonsingular asymptotically locally flat initial data
that contain no trapped surface. We present a class of specific exam-
ples with topology R3+1 × S2. Thanks to the Kaluza-Klein dimensional
reduction, these examples are constructed by lifting continuously self-
similar solutions of the 4-dimensional Einstein-scalar field system with
a negative exponential potential. The latter solutions are obtained by
solving a 3-dimensional autonomous system of first-order ordinary dif-
ferential equations with a combined analytic and numerical approach.
Their existence provides a new test-bed for weak cosmic censorship in
higher-dimensional gravity. In addition, we point out that a similar at-
tempt of lifting Christodoulou’s naked singularity solutions of massless
scalar fields fails to capture formation of naked singularities in 4+1 di-
mensions, due to a diverging Kretschmann scalar in the initial data.
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Keywords. naked singularity, higher-dimensional spacetime, Kaluza-Klein
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1. Introduction
In the process of gravitational collapse, singularities can emerge under a
broad range of circumstances. They are either covered by black hole hori-
zons, or being visible to far-away observers—commonly referred to as naked
singularities. In regard to these two outcomes, the weak cosmic censorship
conjecture [60] asserts that generically all singularities should be hidden in-
side black holes. During the past few decades, only limited progress has been
made toward a general proof or disproof of the conjecture (see recent reviews
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[18, 24, 69, 61, 64]). In a series of papers from 1980s to late 90s, Christodoulou
investigated the global dynamics of the Einstein-scalar field equations with a
vanishing potential under the assumption of spherical symmetry. Remarkably,
he established the first example of naked singularities that can evolve from
regular asymptotically flat initial data in a matter field deemed physically
suitable [17]. Later on, he also showed that such occurrences are unstable
and non-generic [18], and proved a version of weak cosmic censorship for the
model system. Despite huge effort, the validity of the conjecture in general
situations still remains elusive, which constitutes possibly the most important
open problem in classical general relativity. Nevertheless, on a different path,
significant progress has been made in mathematical studies of the formation
of trapped surfaces in vacuum spacetimes without symmetry assumptions,
notably in the recent monumental work by Christodoulou [19] and related
development [2, 3, 25, 50, 49, 53, 54, 63].
By construction, Christodoulou’s naked singularity solution in [17] is
continuously self-similar and has two real parameters k (κ in our notation)
and a. Detailed analysis was given to the moment when the curvature singu-
larity first appears along with the self-similar coordinate becoming singular
as well. A naked singularity can form provided 0 < k2 < 1/3. The asymptot-
ically flat initial data sets are obtained by truncating the self-similar ones.
Relevant to this work, Brady examined the same self-similar model using
numerical calculation [9] and discussed its critical behavior (for an even ear-
lier numerical attempt before [17], see [37]). Bedjaoui et al. further applied
the same self-similar construction to the Brans-Dicke theory [5] and showed
that naked singularities can also emerge. More examples of continuously self-
similar solutions can be found, for instance, in [8, 46, 65, 70].
Further understanding of naked singularity formation in the Einstein-
massless-scalar field was provided by Choptuik [16]. Though numerical simu-
lations, he investigated various one-parameter families of initial data that re-
sult in either dispersal or collapse to a black hole, depending on the strength of
incoming scalar-wave packets. Near the threshold of black hole formation, the
black hole mass obeys a power-law scaling, and the spacetime always asymp-
totically approaches a universal solution that possesses discrete self-similarity.
The finding indicates that the threshold solution corresponds to naked singu-
larity formation [39, 56] that has a nature similar to Christodoulou’s solution
[69]. Since his work, similar behaviors, now called critical phenomena, have
been reported in many other systems (see the recent review [40]), for in-
stance, the Einstein-scalar field system with nontrivial self-interaction poten-
tials (quadratic or double-well forms [10, 43, 47]), and axisymmetric collapse
of gravitational waves [1]. For more discussion of self-similarity in general
relativity, see, e.g., [13, 14] and references therein.
In parallel to advancement in 4 dimensions, string theory and brane-
world models [55] have greatly promoted the study of general relativity in
higher dimensions. By entering dimensions higher than 4, novel topologies
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and horizon geometries can arise, easily evading Birkhoff’s theorem and per-
mitting a large variety of black objects [28, 48]. Particularly on the dynam-
ical aspect of the vacuum Einstein equations, critical phenomenon [16, 40]
was reported in the collapse of 5-dimensional gravitational waves (Bianchi
IX) through numerical calculation [6]. At the threshold of black hole forma-
tion, the critical evolution is expected (yet to be demonstrated) to develop
a naked singularity. Again in 5 dimensions, numerical simulations of thin
black strings and black rings that are subject to the Gregory-Laflamme in-
stability [38] have also indicated formation of naked singularities in the final
stage of a self-similar cascade [31, 52]. Moreover in 6 dimensions and by nu-
merical methods, axisymmetric ultraspinning Myers-Perry black holes have
been shown to evolve into naked singularities [32]. Clearly, higher-dimensional
spacetimes allow more possibilities that weak cosmic censorship can be chal-
lenged.
In higher-dimensional theories, a powerful way to construct solutions is
by dimensional reduction [27, 58]. Originally proposed by Kaluza and Klein,
the procedure assumes the spacetime to be the product of a 4-dimensional
Lorentzian manifold and a homogeneous space representing extra dimensions.
It further requires that all coordinate dependence of extra dimensions be
dropped. With this approach, dimensional reduction of the vacuum Einstein
equations leads to 4-dimensional Einstein gravity coupled to a scalar field
with or without an exponential potential, depending on the geometry of the
extra dimensions. In a similar fashion, exponential potentials (Liouville type)
often arise from scale-invariant supergravity theories [68, 27, 58, 42]. They
have also been intensively studied in scalar-field cosmology [42, 21]. Refer-
ring back to the dimensional reduction of vacuum, in the simpler case of a
vanishing potential, i.e., the massless scalar field in 4 dimensions that has
been investigated by Christodoulou, it is clear that one can further explore
his results on naked singularity formation [17] from the perspective of higher
dimensions.
In the context of anti-de Sitter/conformal field theory correspondence
(AdS/CFT), there has been a series of discussions on possible violation of
cosmic censorship in asymptotically AdS spacetimes [7, 44, 45, 36, 41, 33,
23, 51]. Most attention has focused on the Einstein-scalar field system with a
scalar potential. Unfortunately, for non-vanishing potentials (possibly nega-
tive, bounded or unbounded from below), the question of weak cosmic censor-
ship in spherical symmetry remains open [23]. Examples of naked singularity
formation bearing similar strength to Christodoulou’s appear to be lacking.
In this paper, we will first extend Christodoulou’s self-similar model of
naked singularities to include a positive or negative scalar potential of ex-
ponential forms, i.e., V (φ) = ± exp(2φ/κ) with a parameter κ. The choice
of exponential forms is crucial because of their compatibility with contin-
uous self-similarity, which makes our attempt viable in the first place. In
presenting our model, we will follow Brady’s precedent of [9] with certain
modifications (local compactification of the phase space) in order to exhibit
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the naked singularity solutions more prominently in numerical plots. When it
comes to analysis of the equations and spacetimes, Christodoulou’s paradigm
is respected in our treatment. In particular, we can embed his 2-dimensional
solution manifold into our 3-dimensional manifold, allowing us to draw anal-
ogy along the way.
Next we will consider the uplift of these 4-dimensional naked singularity
solutions and decide whether or not their higher-dimensional descendants can
represent formation of naked singularity in vacuum gravitational collapse. In
particular, we will point out certain complications (loss of regularity) when
such inheritance can be broken. Our objective is to show the following main
result:
In 5+1 dimensional spacetimes with the spatial symmetry of S2 × S2
orthogonal to a radial direction, and governed by the vacuum Einstein
equations Rˆµν = 0, there exist nonsingular asymptotically locally flat ini-
tial data sets, free of trapped surfaces, which lead to naked singularity
formation.
Unlike the situation in 5-dimensional black strings and black rings [31, 52],
the time evolution we consider does not begin with a pre-existing black ob-
ject. Our result can be viewed as a first step towards constructing further
analytic examples for understanding the issue of naked singularity formation
in Einstein-vacuum spacetimes.
The paper is structured as follows. In Sec. 2, we introduce the self-
gravitating scalar model by performing the dimensional reduction with a
higher-dimensional metric ansatz. In Sec. 3, under spherical symmetry and
continuous self-similarity, we reduce the Einstein equations to a 3-dimensional
autonomous system of evolutionary equations. They automatically incorpo-
rate the equations for the massless scalar field as a special case. Brady’s
notation in [9] is used for an easier comparison. In Sec. 4, local analytic stud-
ies are carried out at critical and singular points of the phase space. Then in
Sec. 5, we piece local pictures together and numerically solve the equations in
two parameter regimes κ > 1 and 0 < κ < 1, respectively. Afterwards, Sec.
6 is devoted to analyzing the spacetime structure of the naked singularity
solutions in 4 dimensions. In Sec. 7, for the negative exponential potential,
we examine the 6-dimensional lifted solutions from the aspects of apparent
horizons, the Kretschmann scalar, asymptotic behavior, strength of singu-
larity, and homothetic symmetry. Sec. 8 comments on a similar procedure
for Christodoulou’s solutions promoted to 5 dimensions. Concluding remarks
are made in Sec. 9. For readers interested in Christodoulou’s paper [17], the
Appendix B contains our autonomous equations using his original notation.
Regarding the conceptual framework involved in this work, one may refer to
[26] (Chs. 1 & 2) for a quick survey of general relativity from the point of
view of the Cauchy problem.
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2. Kaluza-Klein dimensional reduction
The Lagrangian (hatted) of pure Einstein gravity in 4 + n dimensions is
Lˆ =
√
−gˆRˆ. (2.1)
Now introduce a warped-product metric ansatz
dsˆ2 = exp
(
2
√
n
n+ 2
φ
)
ds2 + exp
( −4φ√
n(n+ 2)
)
ds2n, (2.2)
where ds2 (unhatted) and ds2n denote, respectively, the metric of 4-dimensional
spacetime and the n-dimensional compactifying space K. Both metrics are
re-scaled by exponential functions of a scalar φ (dilaton). We assume that
the scalar function φ only depend on the coordinates of ds2 and that the
space K has a constant Ricci scalar Rn. By virtue of consistent Kaluza-Klein
dimensional reduction on K [57, 11, 12, 27, 58], one can verify that the vac-
uum Einstein equations as derived from (2.1) correspond to the equations of
motion of the following effective action on ds2 and φ (see the Appendix A
for an explicit calculation used in Sec. 7):
L = √−g
(
R
4
− 1
2
(∂φ)2 +
Rn
4
exp
(
2
√
n+ 2
n
φ
))
. (2.3)
The reduced action represents 4-dimensional Einstein gravity minimally cou-
pled to a real scalar field with an exponential potential. Hence from the
viewpoint of solving the Einstein equations under (2.2), the effect of having
extra dimensions is tantamount to actuating a scalar field in 4-dimensional
Einstein gravity, of which the self-interaction potential depends on the geom-
etry of K.
3. The field equations
In solving the reduced system (2.3), it benefits to consider a slight variant:
L = √−g
(
R
4
− 1
2
gµν∇µφ∇νφ− V (φ)
)
, (3.1)
V (φ) = V0 exp
(
2φ
κ
)
, κ 6= 0, V0 = ±1 or 0, (3.2)
where the potential V (φ) is parameterized by a real number κ. Values of κ
will be specified when one lifts the metric ds2 to higher dimensions via (2.2).
By a translation of φ, one can always normalize the multiplicative factor
V0 6= 0 to ±1. The energy-momentum tensor is given by
Tµν = ∇µφ∇νφ−
[
1
2
(∇αφ∇αφ) + V (φ)
]
gµν . (3.3)
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The Einstein equations (Gµν = 2Tµν) and the generalized Klein-Gordon
equation are
Rµν = 2
(∇µφ∇νφ+ V (φ)gµν), (3.4)
∇α∇αφ = V ′(φ). (3.5)
Using retarded Bondi coordinates in spherical symmetry, we consider the
following metric:
ds2 = −g(u, r)g˜(u, r) du2 − 2g(u, r) dudr + r2dΩ2, (3.6)
with r the area radius and dΩ2 the standard metric of a unit 2-sphere. Then
the field equations and the wave equation for φ = φ(u, r) can be written as
(ln g),r = r(φ,r)
2, (3.7)
(rg˜),r =
(
1− 2r2V (φ)) g, (3.8)
g(g˜/g),u = 2r
[
(φ,u)
2 − g˜φ,uφ,r
]
, (3.9)
r−1(r2g˜φ,r),r = 2φ,u + 2rφ,ru + rgV ′(φ). (3.10)
For the center r = 0 to be regular (see, e.g., [17]), we assume
g(u, 0) = g˜(u, 0) = 1, (3.11)
which also fixes the null coordinate u as the proper time of an observer at
the center. Additionally, the Misner-Sharp (Hawking) mass is defined by
1− 2m(u, r)
r
= gµνr,µr,ν =
g˜
g
. (3.12)
To construct self-similar solutions, we notice that the system (3.7-3.10)
is invariant under the following scaling transformation:
g → g, g˜ → g˜, r → ar, u→ au, a > 0,
φ→ φ− κ ln a, V (φ)→ V (φ)/a2, ds2 → a2ds2. (3.13)
It allows us to adopt the same self-similar ansatz as derived for the massless
scalar field (see [17] and the Appendix A of [9] for more detailed derivation;
one may jump ahead to Fig. 4 for a graphical representation of the self-similar
coordinate system):
ds2 = −g(x)g˜(x) du2 − 2g(x) dudr + r2dΩ2, (3.14)
φ = h¯(x) − κ ln(−u), x = − r
u
, u < 0, (3.15)
with h¯ a real-valued unknown to be determined. Here the metric (3.14) admits
a homothetic Killing vector (Lξgµν = 2gµν)
ξ = u∂u + r∂r (3.16)
such that ξg(x) = 0 = ξg˜(x) and ξφ = −κ. Apparently, the self-similar
coordinate x becomes singular at u = 0, and in this paper we are primar-
ily concerned with the past region u < 0 as u increases toward the future.
Moreover, note that κ also appears in the ansatz, and hence is fixed by the
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Lagrangian if V0 6= 0. This arrangement is necessary in order to reduce the
field equations to ordinary differential equations (ODEs).
Derived from (3.7-3.10), the equations for the four unknowns—g(x),
g˜(x), h¯(x), and γ(x) (γ defined in (3.17))—consist of four first-order ODEs
( ′ = d/dx) plus one algebraic equation:
xh¯′ = γ, (3.17)
xg′ = gγ2, (3.18)
xg˜′ + g˜ =
(
1− 2V0x2e2h¯/κ
)
g, (3.19)
(g˜ − 2x) (xγ′) = 2κx− (g − 2x) γ + 2V0x2e2h¯/κg(γ + κ−1), (3.20)
g − g˜ = 2κ2x− (g˜ − 2x)(γ2 + 2κγ) + 2V0x2e2h¯/κg. (3.21)
One may check that the derivative of the last equation which derives from
(3.9), is a combination of (3.17-3.20). If V0 = 0, the equations simplify to the
special case for massless scalar fields (see [9], (2.9-2.13)).
To convert the above equations into an autonomous system, we follow
Brady’s method [9] and introduce new unknown variables:
w(s) = x2e2h¯/κ ≥ 0, y(s) = g˜
g
, z(s) =
x
g˜
, x = es ≥ 0. (3.22)
Thus we obtain ( ˙= d/ds = xd/dx; cf. [9], (2.18-2.21))
w˙ = 2w(γ + κ)/κ, (3.23)
y˙ = 1− y (1 + γ2)− 2V0w, (3.24)
z˙ = z
[
2− (1− 2V0w) y−1
]
, (3.25)
(1 − 2z)γ˙ = 2κz − γ(y−1 − 2z) + 2V0wy−1(γ + κ−1), (3.26)
(1− 2z)(γ + κ)2 = 1 + κ2 − (1 − 2V0w)y−1, V0 = ±1 or 0. (3.27)
It can be verified that (3.24-3.27) imply (3.23). By using the algebraic equa-
tion (3.27), we can remove the term V0w in (3.24-3.26) and reduce the problem
to a 3-dimensional dynamical system:
y˙ = 2(γ + κ) [(γ + κ)z − γ] y, (3.28)
z˙ = −2(γ + κ)2z2 + [(γ + κ)2 + 1− κ2] z, (3.29)
(1− 2z)γ˙ = (1 − 2z)
[
γ3 +
(
1
κ
+ 2κ
)
γ2
]
+ (1 − 2z − 2κ2z)γ − 1
κ
(
1− 1
y
)
.
(3.30)
Given these equations, w as determined by (3.27) satisfies (3.23). Other ways
to bring forth autonomous systems are also possible. For instance, see the
Appendix B for comparison with Christodoulou’s treatment and notation.
The system (3.28-3.30), derived from (3.23-3.27), treats solutions for
V0 = ±1 on an equal footing, and also automatically includes Brady’s special
case for the massless scalar field, i.e., (3.23-3.27) with w = 0 (see also [9],
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(2.18-2.20)). One can retrieve this latter case from (3.28-3.30) by imposing
the algebraic constraint (3.27) with V0w = 0.
To facilitate analysis of the autonomous system, we further introduce
z =
ζ
2(1− ζ) . (3.31)
This substitution is intended to bring z = +∞ to a finite region (compactifi-
cation), i.e., ζ = 1, as we will see later that naked singularity solutions tend
to z = +∞ as s→ +∞. In terms of y, ζ, and γ, the system (3.28-3.30) takes
the form
y˙ =
y(γ + κ)(3γζ − 2γ + κζ)
1− ζ , (3.32)
ζ˙ = − [2(γ + κ)2 + 1− κ2] ζ2 + [(γ + κ)2 + 1− κ2] ζ, (3.33)
γ˙ = γ3 +
(
κ−1 + 2κ
)
γ2 +
(
1− κ
2ζ
1− 2ζ
)
γ − 1− ζ
κ(1− 2ζ)
(
1− 1
y
)
, (3.34)
and the constraint for the massless scalar field ((3.27) with V0w = 0) reads
(γ + κ)2
1− 2ζ
1− ζ = 1 + κ
2 − 1
y
. (3.35)
Furthermore, regularity at the center (cf. (3.11)) require
w → 0, y → 1, ζ → 0, γ → 0, as s→ −∞ (x→ 0),
(3.36)
which give rise to the initial conditions. The objective is to solve the evo-
lutionary equations (3.32-3.34) from s = −∞ (u < 0, r = 0) to possibly
s = +∞ (u = 0, r > 0) (cf. Fig. 4). Among solutions subject to (3.36), black
hole formation is indicated by integral curves reaching the plane y = 0, where
it locates an apparent horizon (cf. (3.12)). Hence for naked singularities, we
need to identify integral curves that can avoid contacting y = 0 for the en-
tire range of s. For this purpose, solutions terminating at a finite critical or
singular point as s→ +∞ are probable candidates.
In addition, the system (3.32-3.34) is invariant under the mapping κ→
−κ, γ → −γ with y and ζ unchanged. Without loss of generality, we only
consider κ > 0 henceforward.
4. Local behaviors
Before we investigate global solutions, it is important to understand local
phase space near critical and singular points (see Table 1 for a quick sum-
mary). At these key locations, we can determine properties such as stabil-
ity, dimensions of stable/unstable manifolds, uniqueness of solutions, etc.,
to help us build a fuller picture. Because the phase space for the massless
scalar field is contained as a surface (signified by the constraint (3.35)) in our
3-dimensional phase space, we expect that many discussions on the surface
[17] can be transferable to the whole space.
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4.1. The initial point s = −∞
The initial point
O : y = 1, ζ = 0, γ = 0, (4.1)
is also a critical point of the vector field defined by (3.32-3.34). Therefore,
we can determine the behavior of solutions in a neighborhood of O by the
standard linearization method. With
y = 1 + x1, ζ = x2, γ = x3, (4.2)
the Taylor series expansion in x1,2,3 gives rise to a linearized form of (3.32-
3.34):
x˙ = Ax, x = (x1, x2, x3)
T , A =

 0 κ2 −2κ0 1 0
−κ−1 0 1

 . (4.3)
The Jacobian matrix A has eigenvalues
λ1 = −1, λ2 = 1, λ3 = 2. (4.4)
Thus O is a saddle point. The general solution of (4.3) is given by
x1 = c1e
λ1s − c3eλ3s, x2 = c2eλ2s, x3 = c1e
λ1s + c2κ
2eλ2s + 2c3e
λ3s
2κ
, (4.5)
with three integration constants c1,2,3. Now we recall the conditions (3.11),
(3.22), and (3.31). They together imply
lim
s→−∞
ζ e−s = 2, (4.6)
and hence set c2 = 2. Consequently, solutions subject to the conditions (3.36)
and (4.6) take the form
y = 1−c3e2s+O(xixj), ζ = 2es+O(xixj), γ = κes+ c3
κ
e2s+O(xixj), (4.7)
which admits one free parameter c3 associated with λ3 and i, j = 1, 2, 3.
Particularly, the massless solution, which satisfies (3.35), occurs uniquely at
c3 = 7κ
2/3. The presence of a free parameter can also be confirmed by the
Taylor series solution at O in terms of x. More specifically, we have
y = 1− cTx2 − 2cTx3 +O(x4),
ζ = 2x− 4x2 + (2cT + 8− κ2)x3 +O(x4), (4.8)
γ = κx+
(cT
κ
+ κ
)
x2 +
[
3cT
κ
+ (cT + 1)κ− κ
3
2
]
x3 +O(x4),
with cT = κ
2/3 for the unique massless solution. These series solutions set
our first step toward global solutions. They will also be useful for generating
approximate initial values near O for numerical integration.
Compared to Christodoulou’s massless case, the interior solution (0 <
ζ < 1/2) is no longer unique. Instead, we have a 1-parameter family of integral
curves emitting fromO. This enlarged solution manifold is due to the addition
of the third eigenvalue λ3 (λ1,2 identical with the massless case [17]), which
will lead to richer behavior.
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So far, we have not specified the sign of the scalar potential since the
factor V0 does not appear in (3.32-3.34). To determine the sign, we plug the
series solution (4.8) into (3.27) and obtain
0 ≤ e2h¯/κ = w
x2
=
3cT − κ2
2V0
(1 + 2x) +O(x2). (4.9)
For a real scalar field, the above quantity must be kept non-negative, which
then sets
V0 =
{ −1 if cT < κ2/3 (c3 < 7κ2/3),
+1 if cT > κ
2/3 (c3 > 7κ
2/3).
(4.10)
Likewise, using (4.7), we have an equivalent sign choice in terms of c3 given
in the parentheses above. Therefore, according to the sign of V0, the 2-
dimensional interior solution manifold is divided into two parts by the unique
massless solution (cT = κ
2/3, V0 = 0) (cf. Fig. 1).
4.2. Critical endpoints s = +∞
Besides the initial point, the system possesses three more critical points that
may serve as ending points of solution curves. We can treat them by lin-
earization as well.
For the first critical point
P1 : y = 1
2
, ζ =
2
3 + κ
, γ = 1, (4.11)
the matrix A reads
A =


0 12 (3 + κ)
2 −κ
0 −2(1 + κ) − 4(1−κ)(1+κ)(3+κ)2
4(1+κ)
κ(1−κ)
(1+κ+κ2)(κ+3)2
κ(1−κ)
2(1+κ−κ3)
κ(1−κ)

 , (4.12)
with eigenvalues
λ1 =
κ−√4− 3κ2
1− κ , λ2 =
κ+
√
4− 3κ2
1− κ , λ3 =
2(1 + κ)
κ
. (4.13)
Particularly, we have Reλ1,2 < 0 and λ3 > 0 when κ > 1, and λ1 < 0,
λ2,3 > 0 when 0 < κ < 1. Thus P1 is a saddle point. For the second critical
point
P−1 : y = 1
2
, ζ =
2
3− κ, γ = −1, (4.14)
the matrix A reads
A =


0 12 (3− κ)2 −κ
0 −2(1− κ) 4(1−κ)(1+κ)(3+κ)2
4(1−κ)
κ(1+κ) − (1−κ+κ
2)(κ−3)2
κ(1+κ) − 2(1−κ+κ
3)
κ(1+κ)

 , (4.15)
with eigenvalues
λ1 =
−κ−√4− 3κ2
1 + κ
, λ2 =
−κ+√4− 3κ2
1 + κ
, λ3 = −2(1− κ)
κ
. (4.16)
Particularly, we have Reλ1,2 < 0 and λ3 > 0 when κ > 1, and λ1,3 < 0,
λ2 > 0 when 0 < κ < 1. Thus P−1 is also a saddle point.
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Both of these points reside in the massless phase subspace determined
by (3.35), and they are directly inherited from Christodoulou’s case for having
the same locations as well as the first two eigenvalues λ1,2. Hence we have
denoted them in the same way as in [17].
The third critical point does not have a massless counterpart:
Pc : y = 1
1− κ4 , ζ = 0, γ = −κ. (4.17)
However, as we will see in later sections, it is not of much relevance to our
discussion. Here we only list the matrix A and its eigenvalues below without
further ado:
A =

 0 0
2κ
1−κ4
0 1− κ2 0
− (1−κ4)2κ 0 −1− κ2

 , (4.18)
λ1,2 =
−1− κ2 ∓
√
(1 + κ2)(9κ2 − 7)
2
, λ3 = 1− κ2. (4.19)
4.3. Singular endpoints ζ = 1, s = +∞
Besides the points P±1 , Christodoulou also discussed a third critical point
P0 : y = 1
1 + κ2
, ζ = 1, γ = −κ, (4.20)
in the 2-dimensional phase space, which turned out to be crucial since solu-
tions representing naked singularities tend to this point as s→ +∞. For our
3-dimensional problem, P0 expands into a straight line along the y-direction:
P0(y0) : y = y0 6= 0, ζ = 1, γ = −κ. (4.21)
Points on the line are critical for the equations (3.33-3.34), but singular for
(3.32).
To probe into the local behavior near P0(y0), we continue using
y = y0 + x1, ζ = 1 + x2, γ = −κ+ x3, (4.22)
as in previous subsections and perform (Laurent/power) series expansions in
terms of x1,2,3. Only keeping terms up to the first order, we arrive at
x˙1 = 2y0κx3 − y0x
2
3
x2
, (4.23)
x˙2 = (κ
2 − 1)x2, (4.24)
x˙3 =
(
1− y0
y0κ
+ κ3
)
x2 − x3. (4.25)
It is noted that a partial linearization succeeds in the (ζ, γ)-plane since the
linear equations (4.24) and (4.25) decouple from (4.23) and do not depend
on x1. The matrix A for x2,3 alone reads(
κ2 − 1 0
1−y0
y0κ
+ κ3 −1
)
. (4.26)
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The eigenvalues are
λ1 = −1, λ2 = −(1− κ2), (4.27)
which coincide with the massless case (cf. [17], (3.16)). Solving the linear
equations gives
ζ = 1+c2e
−(1−κ2)s+ · · · , γ = −κ+c2
(
1− y0
y0κ3
+ κ
)
e−(1−κ
2)s+c1e
−s+ · · · ,
(4.28)
with two parameters c1,2. Fortunately, the troublesome term x
2
3/x2 in (4.23)
is well-behaved under (4.28), and we obtain formally
y = y0 +
c2(1− y0 + y0κ4)(1− y0 − y0κ4)
κ6(1− κ2)y0 e
−(1−κ2)s
+
2c1(1− y0)
κ3
e−s +
y0c
2
1
c2(1 + κ2)
e−(1+κ
2)s + · · · , (4.29)
where quadratic and higher-order terms in x1,2,3 are omitted. Hence for
κ2 < 1, the asymptotic expansions indicate that each P0(y0) acts like an
attractor (except in the y-direction). This will be later confirmed by numer-
ical calculation. Very much like the massless solutions, P0(y0) will serve as
the endpoints of naked singularity solutions (see Sec. 6).
4.4. Singular (connecting) points ζ = 12 , s = s∗
If a continuous integral curve from O were to reach a point P0(y0) with ζ = 1,
it would have to cross the plane ζ = 1/2 at the following set of singular points:
Ps(y∗) : y = y∗ 6= 0, ζ = 1
2
, γ =
1− y∗
y∗κ3
, (4.30)
which is imposed by (3.34) (multiplied by 1− 2ζ on both sides). Hence if an
interior solution attains Ps(y∗) at some finite s = s∗, it is necessary to extend
it past ζ = 1/2.
To tackle these singular points where the uniqueness of solutions fails,
we follow Christodoulou’s method and introduce a new independent variable
t satisfying
ds
dt
= −1
ζ
+ 2. (4.31)
In terms of t, the singular point Ps(y∗) becomes a critical point of the trans-
formed equations. Then perform linearization with
y = y∗ + x1(t), ζ =
1
2
+ x2(t), γ =
1− y∗
y∗κ3
+ x3(t), (4.32)
and calculate the matrix A as
 0
4(−1+y∗+y∗κ4)(1−y∗+y∗κ4)
y∗κ6
0
0 1− κ2 0
1
y2∗κ
4(1−y∗)(1−y∗+y∗κ4)(1−y∗+y∗κ2+y∗κ4)
y3∗κ
9 κ
2

 , (4.33)
Examples of Naked Singularity Formation in Einstein Vacua 13
along with its eigenvalues
λ1 = κ
2, λ2 = 1− κ2, λ3 = 0, (4.34)
which are independent of y∗. The zero eigenvalue λ3 reflects the fact that the
set of Ps(y∗) forms a curve, while the other two eigenvalues are identical to the
massless case (cf. [17], p. 620). Therefore, if κ2 < 1, both λ1,2 are positive and
one can construct a 1-parameter family of solutions which approach Ps(y∗)
as t → −∞ (or s → s∗ from either side of ζ = 1/2) [17]. Consequently, a
single interior solution curve from ζ < 1/2 may branch out at Ps(y∗) into a
2-dimensional solution manifold for s > s∗ (cf. Figs. 2, 3, and 5).
As an extra comment, we mention that the massless phase subspace
determined by (3.35) only intersects the curve Ps(y) at one point:
Psc : y = 1
1 + κ2
, ζ =
1
2
, γ =
1
κ
. (4.35)
which was closely examined by Christodoulou [17]. In Sec. 5.2, we will com-
pare continuations of the solutions from Psc with those from other points on
Ps(y).
4.5. Apparent horizon y = 0
The apparent horizon is signaled by y = 0, which also renders the equation
(3.34) singular. To capture the dominant behavior near y = 0, we perform the
Painleve´ analysis [22] and identify the following Puiseux series expansions:
y = a1
√
s∞ − s−
[
a1κ
2
3a2
+ 4a1a2 ±
(
4
√
2a1κ
3
+
√
2(2a1a2 − 1)
3a2κ
)]
(s∞ − s) + · · · ,
(4.36)
ζ =
1
2
+ a2
√
s∞ − s+ · · · , (4.37)
γ = ± 1√
2
√
s∞ − s
− 2κ
3
− 2a1a2 − 1
6a1a2κ
∓
√
2κ2
12a2
+ · · · , (4.38)
which converges to
PAH = Ps(0) : y = 0, ζ = 1
2
, γ = ±∞, (4.39)
as s→ s∞−. This series solution is general for having three free parameters
a1, a2 and s∞. Thereby, one may regard the apparent horizon PAH effectively
as an attractor in the phase space. The leading order terms of the expansions
agree with Christodoulou’s Proposition 3.2 in [17].
Using (4.38), we can estimate the scalar field near the apparent horizon
as
h¯(x) =
∫
γ(x)
x
dx ≃ 1√
2
∫
1
x
√
lnxAH − lnx
dx = −
√
2 ln
(xAH
x
)
+ h¯(xAH),
(4.40)
with lnxAH = s∞ and x ≤ xAH . Hence, the scalar field maintains finite and
continuous at the apparent horizon and may be further extended to infinity.
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Table 1. Summary of important points in the phase space.
Pts (y, ζ, γ) Description Stability Eigenvalues
O (1, 0, 0) initial pt s = −∞ (u < 0, r = 0) saddle (4.4)
P1 (12 , 23+κ , 1) critical endpt s = +∞ (u = 0, r > 0) saddle (4.13)
P−1 (12 , 23−κ ,−1) critical endpt s = +∞ saddle (4.16)
P0(y) (y 6= 0, 1,−κ) singular endpts s = +∞, κ ∈ (0, 1) attracting (4.27)
Ps(y) (y 6= 0, 12 , 1−yyκ3 ) singular pts s = s∗, κ ∈ (0, 1) (4.34)
Psc ( 11+κ2 , 12 , 1κ ) singular pt s = s∗, κ ∈ (0, 1) (4.34)
PAH (0, 12 ,±∞) apparent horizon s = s∞ attracting
5. Global solutions
We move on to constructing global solutions by numerical integration and
verifying our previous analysis of local behaviors. To systematically create
numerical curves from the initial (stationary) point O, we use the truncated
series solution (4.7) or (4.8) to generate initial values near O (e.g., taking
s = −10 and c3 = 1, 2, · · · ), and then integrate both backward and forward
with the standard fourth-fifth order Runge-Kutta method. This simplifies
numerical procedures and fulfills the conditions (3.36) and (4.6) to a satisfac-
tory accuracy. Moreover, upon nearing the singular curve Ps(y) or the plane
y = 0, it is also desirable that step sizes of integration be kept small so as
to produce more accurate plotting. Similar procedures also apply to integral
curves drawn from other critical or singular points.
As we have seen in local studies, the nature of the critical and singular
points relies heavily on the value of the parameter κ. Our numerical results
split into two cases.
5.1. Case κ > 1
In our first set of plots with κ = 1.2, solutions of interest are limited to
0 < ζ < 1/2 with P1 involved. Since P1 is a saddle point, the 1-dimensional
unstable manifold (red curve) can draw away incoming integral curves (green
and cyan) from O on either side of the transverse 2-dimensional stable man-
ifold (cf. Sec. 4.2). This naturally classifies the solutions into three types.
For solutions heading toward the plane y = 0 (green curves), they have
cT > κ
2/3 and correspond to V0 = 1 according to (4.10). From the series
expansion (4.36-4.38), one has y → 0 and γ →∞ as s→ s∞− for some finite
s∞. Numerical integration of the green curves is consistent with this limit-
ing behavior in that the curves quickly exceed the maximum representable
numerical range (for γ) of the computer program within a finite s while as-
cending in the direction of PAH . Hence the first type represents black hole
formation. On the other side of the stable manifold, solutions moving away
from y = 0 (cyan curves) have V0 = −1, and their Misner-Sharp masses de-
fined in (3.12) can assume large negative values. The intermediate between
the two types is an exceptional solution (blue curve) terminating at P1 as
s → +∞. It also lies in the massless phase subspace determined by (3.35),
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Figure 1. Numerical integration with κ = 1.2. The right
plot shows the back view of the left. Green (cT > κ
2/3,
V0 = 1, cf. (4.10)), blue, and cyan (cT < κ
2/3, V0 = −1)
curves emanating from O are members of the 1-parameter
family of solutions of the system (3.32-3.34) subject to (3.36)
and (4.6). The negatively unstable manifold of O and the
unstable manifold of P1 are marked by red curves. The blue
curve (cT = κ
2/3, V0 = 0) ending at P1 delineates the unique
massless solution. The maroon curve represents the set of
singular points Ps(y) with ζ = 1/2.
hence corresponding to the unique interior solution by Christodoulou [17].
According to [9], the associated spacetime has a central singularity at u = 0
that is not visible to observers at a finite radius.
Unlike the massless evolution, black hole formation completely takes
over under positive exponential potentials. This effect appears in line with
cosmic censorship, which will be further discussed in later sections. For other
values of κ > 1, the qualitative behavior we have described remains the same.
5.2. Case 0 < κ < 1
This case is much more involved as integral curves can pass through the
plane ζ = 1/2. In the region 0 < ζ < 1/2, an interior solution curve shown
in Fig. 2 and Fig. 3 can either move toward the apparent horizon y = 0 or
run into the singular curve Ps(y) in a finite s. In Sec. 4.3, we point out that
once running into a point on Ps(y), an interior solution may branch into a
one-parameter family of exterior solutions. This is illustrated in Fig. 2 and
Fig. 3, where we have picked out three representative locations on Ps(y)—
Psc for V0 = 0 and P± for V0 = ±1—from which continuations are plotted.
Amongst these prolonged curves, naked singularity solutions correspond to
those approaching P0(y) as s→ +∞ (see Sec. 6). Clearly in Fig. 2 with κ =
0.5, such curves can emerge from Psc (also P−, but not from P+). However,
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Figure 2. Numerical integration with κ = 0.5 (roughly the
front and back views, and the projection onto the y-ζ plane).
Integral curves from O may reach the singular curve Ps(y)
(maroon). Particularly, the blue (V0 = 0) curve attaining Psc
is the unique massless interior solution interpolating between
green (V0 = 1) and cyan (V0 = −1) curves. In the region
ζ > 1/2, curves drawn from P± and Psc are continuations
of the interior solutions. The two purple curves terminating
at P−1 separate naked singularity solutions and black hole
solutions. The red curve passing through P1 (P−1) with one
end reaching P0(y) represents the unstable manifold of P1
(P−1) in the massless phase subspace (3.35).
when κ = 0.7 as in Fig. 3, they cease to show up in massless solutions
altogether (blue curves). This numerical result agrees with Christodoulou’s
rigorous argument that, in the massless scalar field, naked singularities only
exist when κ2 < 1/3. To understand this phenomenon more intuitively from
our plots, we note that the unstable manifold M1 (red curve, restricted on
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Figure 3. Numerical integration with κ = 0.7 (roughly the
upper front and back views, and the projection onto the y-ζ
plane). Behavior of the green (V0 = 1) and cyan (V0 = −1)
curves are similar to those in Fig. 2. However, for massless
solutions, the blue curves and the unstable manifold of P1
(red curve) no longer extend to the singular line P0(y), in-
dicating that naked singularities cease to occur.
the surface (3.35)) of the saddle point P1 appears to be a good indicator
since it may dictate asymptotic behavior of the integral curves in its vicinity.
More specifically in Fig. 2, one arm ofM1 extends to P0(y), thereby pulling
solution curves nearby to the same endpoint. While in Fig. 3, both ends
of M1 lead away from P0(y), and are followed by other integral curves.
Moreover, indicated by numerical computation, the critical case of κ = 1/
√
3
has the lower segment ofM1 falling exactly on the point P−1 [17]. No naked
singularity arises in this critical case.
The situation, however, differs greatly for solutions with negative expo-
nential potentials (cyan curves). Starting from a singular connecting point
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lower than Psc, an exterior solution may evade the influence of P1 and still
reach out to P0(y) regardless of k2 < 1/3 or 1/3 ≤ k2 < 1. Besides naked
singularities, other outcomes are also presented. In both Fig. 2 and Fig. 3,
by tuning the second parameter that controls the bifurcation, one can ob-
serve a transition between naked singularity and black hole solutions. The
borderline separating these two extremes is demarcated by the critical solu-
tions terminating at P−1 (purple curves; more generally, the stable manifold
of P−1). The critical spacetime can be thought as sitting on the threshold of
containing a naked singularity or a black hole, but just avoiding both. Similar
behavior is also found in massless solutions (blue curves near P1 and P−1 in
Fig. 2). As an aside, see [71, 72] for more examples of naked singularity/black
hole transitions with non-trivial scalar potentials.
As regards solutions with V0 = 1, black hole formation appears to be
the only possible outcome since all green curves are heading to PAH instead
of P0(y). This observation is further supported by numerical tests at other
locations on Ps(y) above Psc. Therefore, we speculate that the naked sin-
gularity solutions by Christodoulou defy extension to positive exponential
potentials.
We summarize our numerical results as follows:
Naked singularity solutions, represented by integral curves that run con-
tinuously from O—via Ps—to P0, exist when
0 < κ2 < 1/3, if V0 = 0 [17], (5.1)
0 < κ2 < 1, if V0 = −1. (5.2)
6. Naked singularity formation in 4 dimensions
In this section, we examine various aspects of the 4-dimensional metric (3.14)
with inputs from the solution curves we have computed. The metric ds2 de-
serves attention in its own right since it directly builds upon Christodoulou’s
results.
To begin with, we show that for solutions terminating at P0(y), the cor-
responding 4-dimensional spacetime indeed contains a curvature singularity
at the point u = 0, r = 0 that is visible to distant observers (cf. Fig. 4). To
see this, one can first calculate the Ricci scalar as
R = −2T = 2(∇αφ∇αφ+ 4V (φ))
= 2
[
−2
g
φ,uφ,r +
g˜
g
(φ,r)
2 + 4V0 exp
(
2φ
κ
)]
=
2g˜
u2x2g
[
γ2 − 2x
g˜
(γ2 + κγ)
]
+
8V0w
u2x2
=
2y
u2x2
[
γ2 − ζ
1− ζ (γ
2 + κγ)
]
+
8V0w
u2x2
. (6.1)
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Then by applying the limit (cf. (4.28))
y → y0 ≥ 1
1 + κ2
, (ζ − 1)e(1−κ2)s → c2 < 0,
(γ + κ)e(1−κ
2)s → c2
(
1− y0
y0κ3
+ κ
)
, as s→ +∞ (u→ 0−), (6.2)
one arrives at
R =
1
r2
[
2(y0 − 1)
(
1
κ2
− 2
)
− 4y0κ2
]
, (6.3)
with y0 = 1/(1 + κ
2) for the massless solutions and c2 < 0 from numerical
calculation. Clearly, this scalar invariant blows up at r = 0, but remains finite
elsewhere on the future light cone u = 0 of the center (the Cauchy horizon).
Moreover, one can verify that R is also finite for u < 0 given the regularity
condition at the center and the expression (6.1) being continuous at Ps(y∗).
Now it remains to establish that the central curvature singularity is
indeed visible, i.e., that the outgoing null geodesics u = 0 can escape from
r = 0. Following the method in [17] (see also [5]), we investigate incoming
radial null geodesics, assuming ζ > 1/2, and show that they can approach a
finite r as u → 0. In terms of the variables t = − ln(−u) and s = ln(−r/u),
the null geodesic equation
dr
du
= − g˜
2
(6.4)
can be rewritten as
ds
dt
= − 1
ζ(s)
+ 2 > 0. (6.5)
Integrating along a null ray originated at some (t0, s0 > s∗), we have
t− t0 =
∫ s
s0
ζ
2ζ − 1ds
′. (6.6)
The asymptotic series (4.28) implies(
ζ
2ζ − 1 − 1
)
e(1−κ
2)s → −c2, as s→ +∞. (6.7)
Therefore, the quantity
ln r = s− t = s0 − t0 −
∫ s
s0
(
ζ
2ζ − 1 − 1
)
ds′ (6.8)
converges to a finite limit as t → +∞ since the integral above is bounded.
Also because c2 < 0, we conclude that along an incoming null ray near u = 0,
the radius r decreases to a finite value as u increases to 0.
Using the limit y → y0 as s→ +∞, we can further determine the mass
function at u = 0 as
m =
1− y0
2
r, (6.9)
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with y0 = 1/(1 + κ
2) for the massless solutions and y0 > 1/(1 + κ
2) for
V0 = −1. Thus the central singularity itself has vanishing mass. Similarly, we
can write down the scalar field in the limit u→ 0 as
φ =
κ
2
ln
(
1− (1 + κ2)y0
2V0
)
− κ ln r, V0 = −1, y0 > 1/(1 + κ2), (6.10)
and for the massless scalar field,
φ = −κ ln r, (6.11)
both of which diverge logarithmically at r = 0. From the equation (6.10), the
negative potential energy at u = 0 obeys
V ∝ − 1
r2
, (6.12)
which is non-negligible near the center.
We comment that the 4-dimensional naked singularity solutions that
we have considered are, by themselves, neither asymptotically flat nor AdS.
This unusual asymptotic behavior is in fact typical for negative exponential
potentials [62, 15, 12]. Nevertheless, we should emphasize that since the past
light cone of the singularity is given by −r/u = exp(s∗), the naked singu-
larity formation is essentially a local event near the symmetry center and
independent of the geometry far from it.
Finally we summarize the results on the 4-dimensional metric (3.14).
In the class of self-similar spacetimes, we have studied the dynamical system
(3.32-3.34) and examined the effect of exponential potentials on the naked
singularity solutions that were first constructed by Christodoulou and numer-
ically explored by Brady. For every fixed κ, the original 2-dimensional phase
space is embedded into the 3-dimensional phase space, which showcases more
dynamical events. Using combined analytic and numerical methods, we build
a pictorial representation of Christodoulou’s solutions and put them in a
richer context with new solutions. In our 3-dimensional plots, two compet-
ing “attractors”—one for naked singularities and one for black holes—play
a major role as time evolutions may be drawn into either one of them. In
addition, transitions between them are identified. Our plots also evince that
Christodoulou’s solution manifold serves as a boundary that separates so-
lutions with V0 = 1 and V0 = −1. On one side of his solution manifold, a
two-parameter family of naked singularity solutions continues to exist under
the negative potentials V = − exp(2φ/κ) for 0 < κ2 < 1. In contrast, on the
side with positive exponential potentials, all numerical evolutions tested by
us encounter apparent horizons, which suggests a strong censoring effect of
the positive potentials. A similar situation is also found in the regime κ2 > 1
(see Sec. 5.1).
7. Naked singularity formation in 6 dimensions
Starting from this section, we investigate the embedding of our 4-dimensional
solutions into higher dimensions [12, 57] via the relation (2.2), and determine
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Figure 4. A spacetime diagram of the naked singularity
formation near the symmetry center. The self-similar space-
time is obtained by solving the autonomous system (3.32-
3.34) from x = 0 to x = +∞ (the coordinate line x = −r/u
sweeping from r = 0 to u = 0). The line x = x∗ (x = +∞)
marks the past (future) light cones of the central curvature
singularity at r = 0, u = 0. There is no apparent hori-
zon. The curvature invariants (the Ricci and Kretschmann
scalars) are well-behaved for u < 0 at the center and beyond.
whether the basic picture of 4-dimensional naked singularity spacetimes il-
lustrated in Fig. 4 can carry over to higher dimensions.
For simplicity, we assume K = Sn or T n in the full metric (2.2) and fix
the parameter κ as
κ =
{
> 0, if V0 = 0 (Rn = 0, K = T n),√
n
n+2 < 1, if V0 = −1 (Rn = 4, K = Sn).
(7.1)
In both situations, one can specify values of κ that lie within the required
bounds (5.1) and (5.2) for naked singularities to occur in 4 dimensions.
First we consider the uplift of the solutions with V0 = −1. We will
show that the resulting spacetimes inherit major properties of the lower-
dimensional ones, and thus can represent formation of naked singularities as
well (cf. Fig. 4). To make our calculation concrete, we focus on the simplest
case with K = S2, κ = 1/√2 (cf. (7.1) with n = 2), and take
ds2n=2 =
1
2
dΩ¯2 (7.2)
where dΩ¯2 denotes the metric of a unit 2-sphere. An extra factor 1/2 above
is added so that the Ricci scalar of K obeys Rn=2 = 4 (cf. (7.1)). Under the
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Figure 5. Numerical integration of the autonomous system
(3.32-3.34) with V0 = −1 and κ = 1/
√
2. Integral curves
from the initial point O (x = 0) first reach the singular
curve Ps(y) (x = x∗, ζ = 1/2), and then they bifurcate and
continue to move towards the line P0(y) (x = +∞). The plot
shows bifurcation drawn from one sampling point on Ps(y).
assumptions, the metric (2.2) becomes
dsˆ26 = e
√
2φ
(−gg˜ du2 − 2g du dr + r2dΩ2)+ e−
√
2φ
2
dΩ¯2, (7.3)
which acquires the spatial symmetry of S2 × S2.
7.1. Apparent horizon
Analogous to the metric (3.6), the radial null geodesics of the metric (7.3)
are determined by u = const for outgoing null rays and
dr
du
= − g˜
2
, (7.4)
for incoming null rays (for construction of double-null coordinates, see [17],
Sec. 4). They correspond respectively to the future-directed null vector fields
l and n:
l =
√
g˜
g
∂r, n =
2√
gg˜
∂u −
√
g˜
g
∂r, ds
2(l, n) = −2, (7.5)
which are normal to a 4-dimensional spacelike surface Σ = S2 × S2 param-
eterized by r, u = const. The null second fundamental forms χ and χ of the
surface Σ are defined by
χˆ(X,Y ) := dsˆ26(∇ˆX l, Y ), χˆ(X,Y ) := dsˆ26(∇ˆXn, Y ), (7.6)
for two arbitrary vectors X and Y tangent to Σ. Their traces measure the
expansions of the radial null geodesic congruences along l and n. In this
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setting, an apparent horizon (marginally outer trapped surface [4, 34, 35, 20,
66]) refers to a surface Σ such that
trχˆ
∣∣
Σ
= 0, trχˆ
∣∣
Σ
≤ 0. (7.7)
Thus it boils down to calculating these two quantities (see Theorem 7.1). The
result reads
trχˆ = gˆαβχαβ =
2
r
√
g˜
g
, trχˆ = gˆαβχ
αβ
= −2
r
√
g˜
g
, (7.8)
for general metric functions g = g(u, r), g˜ = g˜(u, r), and φ = φ(u, r). Re-
markably, the same expressions also hold for the metric ds2 (Σ = S2) itself,
as well as when K = T 1 (Σ = S2 × T 1, see (8.2)). This is due to certain
key cancellations involving φ that is enabled by the Kaluza-Klein reduction.
Hence identically to the situation in 4 dimensions (cf. (3.12)), absence of
the apparent horizon is signaled by g˜/g = y 6= 0 in the lifted spacetime. For
similar discussions on invariance of trapping in the Kaluza-Klein dimensional
reduction, one can see [67, 59].
Theorem 7.1. The apparent horizon of the 5+1 dimensional metric dsˆ26 is a
natural lift of the apparent horizon of the constituent 3+1 dimensional metric
ds2.
Proof. We introduce spherical coordinates to dsˆ26 = gˆµˆνˆdx
µˆdxνˆ such that
dΩ2 = dθ2 + sin2 θdϕ2 and dΩ¯2 = dθ¯2 + sin2 θ¯dϕ¯2. The relevant Christoffel
symbols are
Γˆθθr =
1
r
+
√
2
4
φ,r = Γˆ
ϕ
ϕr, Γˆ
θ¯
θ¯r = −
√
2
4
φ,r = Γˆ
ϕ¯
ϕ¯r, (7.9)
with all non-diagonal Γˆαβr = 0 and α, β ∈ {θ, ϕ, θ¯, ϕ¯}. Then we have
∇ˆθl =
√
g˜
g
Γˆθθr∂θ =
√
g˜
g
(
1
r
+
√
2
4
φ,r
)
∂θ, (7.10)
∇ˆϕl =
√
g˜
g
Γˆϕϕr∂ϕ =
√
g˜
g
(
1
r
+
√
2
4
φ,r
)
∂ϕ, (7.11)
∇ˆθ¯l =
√
g˜
g
Γˆθ¯θ¯r∂θ¯ = −
√
g˜
g
√
2
4
φ,r∂θ¯, (7.12)
∇ˆϕ¯l =
√
g˜
g
Γˆϕ¯ϕ¯r∂ϕ¯ = −
√
g˜
g
√
2
4
φ,r∂ϕ¯. (7.13)
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Thereby, we calculate the trace as
trχˆ = gˆθθdsˆ26(∇ˆθl, ∂θ) + gˆϕϕdsˆ26(∇ˆϕl, ∂ϕ) + gˆθ¯θ¯dsˆ26(∇ˆθ¯l, ∂θ¯) + gˆϕ¯ϕ¯dsˆ26(∇ˆϕ¯l, ∂ϕ¯)
= 2
√
g˜
g
(
1
r
+
√
2
4
φ,r
)
+ 2
√
g˜
g
(
−
√
2
4
φ,r
)
=
2
r
√
g˜
g
. (7.14)
Similarly, from
Γˆθθu =
√
2
4
φ,u = Γˆ
ϕ
ϕr, Γˆ
θ¯
θ¯u = −
√
2
4
φ,u = Γˆ
ϕ¯
ϕ¯u, (7.15)
with all non-diagonal Γˆαβu = 0, we obtain trχˆ = −2
√
g˜/g/r. Through the
same procedure, one can verify the same expressions for ds2 = gµνdx
µdxν :
trχ = gθθds2(∇θl, ∂θ) + gϕϕds2(∇ϕl, ∂ϕ) = 2
r
√
g˜
g
, (7.16)
trχ = gθθds2(∇θn, ∂θ) + gϕϕds2(∇ϕn, ∂ϕ) = −2
r
√
g˜
g
, (7.17)
by using the fact that ∇θ∂r = r−1∂θ, ∇ϕ∂r = r−1∂ϕ, and ∇θ∂u = 0 = ∇ϕ∂u.

7.2. Kretschmann scalar
Much like its 4-dimensional counterpart, the lifted spacetime can remain non-
singular for u < 0, both at the center and beyond. A scalar-valued curvature
singularity first occurs at r = 0, u = 0. To see this, one should examine
the Kretschmann scalar Kˆ = RˆµνρσRˆµνρσ particularly at three key locations
in the spacetime, i.e., x = 0, +∞ and x∗. In terms of y, ζ and γ, the full
expression of Kˆ is given by
Kˆ = 12
{[− 6(2ζ − 1)2γ4 − 2√2(9ζ − 4)(2ζ − 1)γ3 − ζ(25ζ − 12)γ2
− 4
√
2ζ2γ − 9ζ2 + 16ζ − 8]y2 + [− 8(2ζ − 1)(ζ − 1)γ2
− 4
√
2ζ(ζ − 1)γ + 16(ζ − 1)2]y − 8(ζ − 1)2}/
r2(ζ − 1)[2γ(γ +√2)(2ζ − 1)y − (ζ − 2)y + 2(ζ − 1)], (7.18)
where we have used the equations (3.32-3.34) to eliminate the derivatives of
y, ζ and γ.
Near the initial point O with x = 0, the system (3.32-3.34) admits
the Taylor series solution (4.8) with a parameter cT < κ
2/3 (cT = κ
2/3 for
V0 = 0). Plugging it into (7.18), we obtain
Kˆ =
18(1− 4cT )2
(1− 6cT )u2
(
1 + 2x+O(x2)
)
, cT <
κ2
3
=
1
6
, (7.19)
Examples of Naked Singularity Formation in Einstein Vacua 25
which stays finite and continuous at r = 0 for finite u < 0. Similarly, near
an ending point P0(y0) with x = +∞, the solution satisfies the asymptotic
limits (6.2), which results in
Kˆ → 12y
2
0
(3y0 − 2)r2 , as s→ +∞ (u→ 0−). (7.20)
Hence, the scalar Kˆ diverges at r = 0, but remains bounded elsewhere along
u = 0 (the Cauchy horizon). Related to this, the same fall-off behavior also
holds for other fixed u < 0:
Kˆ =
12y20
(3y0 − 2)r2 + o(r
−2)→ 0, as r → +∞. (7.21)
Now move on to x = x∗. The expression of (7.18) is continuous at the
singular point Ps(y∗):
y = y∗, ζ =
1
2
, γ =
1− y∗
y∗κ3
=
2
√
2(1− y∗)
y∗
, y∗ >
1
1 + κ2
=
2
3
. (7.22)
Hence we obtain
Kˆ → 12y
2
∗
(3y∗ − 2)r2 , as s→ s∗, (7.23)
which resembles the limit (7.20).
For other fixed values of x > 0, the equation (7.18) implies that
Kˆ ∝ 1
r2
→ 0, as r → +∞. (7.24)
The boundedness of Kˆ for r 6= 0 ensues from the local smoothness of the
solution curves, and is also verifiable by numerical calculation.
7.3. Asymptotic local flatness
With κ = 1/
√
2 (cf. (7.1) with n = 2), the limits in (6.2) and (6.10) imply
that
gg˜
x
→ 4c
2
2
y0
,
g√
x
→ −2c2
y0
, xe
√
2φ →
√
3y0 − 2
−2u , as x→ +∞. (7.25)
Introducing new coordinates
r˜2 = r, t˜− r˜ = u˜ = 2c2
√−u < 0, (7.26)
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thus for finite u < 0 and r (equivalently x) being large enough, we have
dsˆ2 = e
√
2φ
(−g(x)g˜(x) du2 − 2g(x) du dr + r2dΩ2)+ e−
√
2φ
2
dΩ¯2 (7.27)
≈ −2
√
3y0 − 2
y0
(
c22du
2
−u −
2c2dudr˜√−u
)
+
√
3y0 − 2
2
r˜2dΩ2 +
r˜2√
3y0 − 2 dΩ¯
2
(7.28)
= −2
√
3y0 − 2
y0
(
du˜2 + 2du˜dr˜
)
+ r˜2
(√
3y0 − 2
2
dΩ2 +
1√
3y0 − 2 dΩ¯
2
)
(7.29)
=
2
√
3y0 − 2
y0
(−dt˜2 + dr˜2)+ r˜2 (√3y0 − 2
2
dΩ2 +
1√
3y0 − 2 dΩ¯
2
)
, (7.30)
where we only keep dominant terms in (7.28). Then note that by stereo-
graphic projection, r˜2dΩ2 = (dx˜2 + dy˜2)/[1 + (x˜2 + y˜2)/4r˜2]2 → dx˜2 + dy˜2
for local x˜ and y˜ as r˜ → +∞. Combining these asymptotic expressions with
the decaying Kretschmann scalar in (7.21), we comment that the lifted space-
time, by suitable truncation [17], is asymptotically locally flat with non-trivial
topology S2×S2 at spatial infinity. This significantly improves from the non-
trivial asymptotic behavior of the 4-dimensional spacetime discussed in Sec.
6.
7.4. Strength of singularities
In the asymptotic metric (7.30) as x → +∞, the coordinate r˜, modulo a
factor, essentially plays the role of the “area” radius. Together with (7.20)
and (7.26), we have
Kˆ ∝ 1
r2
∝ 1
r˜4
. (7.31)
The power 4 here is a crucial index. We use it to measure the strength of
singularities.
Now recall the 5+1 dimensional Schwarzschild metric
dsˆ2Sch = −
(
1− 2m
r˜3
)
dt2 +
(
1− 2m
r˜3
)−1
dr˜2 + r˜2dΩ24, (7.32)
with the Kretschmann scalar given by
KˆSch =
960m2
r˜10
. (7.33)
By comparing the power index of Kˆ near the center r˜ = 0, it can be said that
the central naked singularity in our solution is less singular than the one in
the Schwarzschild spacetime (for the 3+1 dimensional Schwarzschild metric,
KSch = 48m
2/r6).
The 1/r˜4 blow-up rate of Kˆ can also show up naturally in metrics that
contain conical singularities. One quick example happens to be the metric
(7.30) extended inward to r˜ = 0. This represents a borderline scenario. There-
fore, one can think of our naked singularity solution as a threshold between
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regular and strongly singular (black hole) solutions to the vacuum Einstein
equations.
7.5. Homothetic Killing vector
With the assumption of (7.2) and κ = 1/
√
2, one can check that the lifted
metric dsˆ26 = gˆµˆνˆdx
µˆdxνˆ possesses the same homothetic Killing vector ξ as
ds2 = gµνdx
µdxν [17, 9]:
ξ = u∂u + r∂r, Lξgµν = 2gµν , Lξgˆµˆνˆ = gˆµˆνˆ . (7.34)
Therefore, the 6-dimensional naked singularity spacetimes with spherical ex-
tra dimensions are continuously self-similar.
8. Comment on 5 dimensions
From the previous section, one would anticipate that lifting the solutions with
V0 = 0 for the massless scalar field might also generate new naked singularity
solutions in higher dimensions (see [29] for discussions on lifting solutions with
κ = 0). However, we will show that this turns out to be false. The reason
lies in that, unlike the 6-dimensional example, the Kretschmann scalar blows
up at x = x∗, i.e., along the past light cone of the central singularity. Hence
in the resulting spacetime, a curvature singularity can pre-exist before the
central singularity emerges later at u = 0.
Again for concreteness of calculation, we focus on the simplest case
K = T 1(= S1) in 5 dimensions and take
ds2n=1 = (dx
1)2 (8.1)
with x1 the local coordinate on K. The metric reads
dsˆ25 = e
2√
3
φ (−gg˜ du2 − 2g du dr + r2dΩ2)+ e− 4√3φ (dx1)2. (8.2)
Using (3.35), we can remove the unknown y in the equation (3.34) and obtain
a reduced system for ζ and γ. It can also be verified that the equations
(3.33-3.35) together imply (3.32). To solve this 2-dimensional autonomous
system in a neighborhood of the singular point Ps( 11+κ2 ), one can apply the
same linearization procedure as in (4.31-4.34) and obtain ([17], Sec. 2; for a
comparison of notations, see the Appendix B)
ζ =
1
2
+ a2e
(1−κ2)t + · · · , (8.3)
γ =
1
κ
+ a1e
κ2t +
4a2(1 + κ
2)
κ3(1 − 2κ2) e
(1−κ2)t + · · · , (8.4)
where the variable t is defined by (4.31) and a1,2 are two nonzero parameters.
Owing to these asymptotic solutions for t→ −∞ (s→ s∗), the Kretschmann
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scalar (written in terms of ζ and γ without derivatives)
Kˆ =
[− 16(4√3κ− 3κ2 − 7)(2ζ − 1)3γ4 − 32(4√3ζκ2 − 3ζκ3 − 6√3ζ − 7ζκ
+ 4
√
3)(2ζ − 1)2γ3 − 4(20
√
3ζ2κ3 − 15ζ2κ4 − 84
√
3ζ2κ− 109ζ2κ2
+ 48
√
3ζκ+ 108ζκ2 − 78ζ2 − 36κ2 + 108ζ − 36)(2ζ − 1)γ2 − 4(4
√
3ζ2κ3
− 3ζ2κ4 − 48
√
3ζ2κ− 99ζ2κ2 + 24
√
3ζκ+ 120ζκ2 − 96ζ2 − 36κ2 + 120ζ
− 36)ζκγ + 4(4
√
3ζκ+ 15ζκ2 − 9κ2 + 15ζ − 9)ζ2κ2]/3r4−4κ/√3x4κ/√3
× e4h¯/
√
3(2ζ − 1)[(2ζ − 1)(γ + 2κ)γ + (κ2 − 1)ζ + 1]2 (8.5)
diverges as follows:
lim
t→−∞
e(1−2κ
2)tKˆ ∝ 1
r4−4κ/
√
3
, 0 < κ <
1√
3
. (8.6)
One can also confirm the divergence of Kˆ at x = x∗ via numerical integrations
along individual solution curves.
As an aside, we note that the lifted metric dsˆ25 can no longer admit
the homothetic Killing vector ξ = u∂u + r∂r unless κ = 1/
√
3, of which the
value falls out of the required bound 0 < κ2 < 1/3 for emergence of naked
singularities in 4 dimensions.
At first glance, the inconsistency of spacetime regularity (cf. (8.6)) in
the Kaluza-Klein dimensional reduction may appear puzzling. One physical
way to resolve it is by changing the conformal frame for ds2 [30], which means
that one should instead look at the 4-dimensional projection of the full metric
dsˆ25, i.e., exp(2φ/
√
3)ds2. For this re-scaled metric with the dilaton φ involved,
direct calculation shows that the Kretschmann scalar diverges at x = x∗ (K
continuous for ds2 except at r = 0, u = 0; K ∝ 1/r4) in accordance with its
5-dimensional counterpart.
9. Concluding Remarks
In the context of the Kaluza-Klein dimensional reduction, we have con-
structed a 2-parameter family of 6-dimensional naked singularity solutions
by lifting the 4-dimensional naked singularity solutions of the Einstein-scalar
field system with a negative exponential potential. Despite its success, the
same construction does not come through in the case of a vanishing poten-
tial due to a diverging Kretschmann invariant along the incoming null ray
x = x∗ (hence in the initial data), which raises a caveat for utilizing this type
of embedding. Regarding the 6-dimensional solutions, it may draw some con-
cern that the spatial infinity has a non-trivial topology S2 × S2. However,
we should emphasize that the local formation of a singularity near the center
does not depend on the spacetime region far from it. Hence it would be inter-
esting to investigate whether the central region of the spacetime can be trun-
cated and matched to an appropriate surrounding region that is, for instance,
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asymptotically Minkowski (S4) or asymptotically Kaluza-Klein (compact ex-
tra dimensions). Related to this, we recall that truncation is necessary for
Christodoulou’s solutions [17], in order to obtain asymptotically flat initial
data. As a final remark, it should be noted that though we have restricted
the discussion to 6 and 5 dimensions, our treatment can be generalized to
other values of 4 + n ≥ 6.
Appendix A. The vacuum Einstein equations in 6 dimensions
We write down explicitly the vacuum Einstein equations Rˆµˆνˆ = 0 for the
6-dimensional metric (7.3) with dΩ2 = dθ2 + sin2 θdϕ2 and dΩ¯2 = dθ¯2 +
sin2 θ¯dϕ¯2. The non-vanishing components of the Ricci tensor are
Rˆrr = 2(ln g),r/r − 2(φ,r)2, (A.1)
Rˆuu − g˜Rˆur = g(g˜/g),u/r − 2[(φ,u)2 − g˜φ,uφ,r], (A.2)
Rˆθθ = − r√
2g
[
r−1(r2g˜φ,r),r − 2φ,u − 2rφ,ru
]− (rg˜),r
g
+ 1, (A.3)
Rˆθ¯θ¯ =
e−2
√
2φ
2
√
2rg
[
r−1(r2g˜φ,r),r − 2φ,u − 2rφ,ru + 2
√
2rge2
√
2φ
]
,
(A.4)
Rˆϕϕ = sin
2 θRˆθθ, Rˆϕ¯ϕ¯ = sin
2 θ¯Rˆθ¯θ¯, (A.5)
Rˆur =
g˜φ,rr
2
√
2
− φ,ur√
2
− φ,uφ,r
2
+
g˜φ,r√
2r
+
g˜,rφ,r
2
√
2
− φ,u√
2r
+
g,rrg˜
2g
+
g˜,rr
2
− g,ur
g
+
g,rg˜,r
2g
− g˜(g,r)
2
2g2
+
g,rg,u
g2
+
g,rg˜
gr
+
g˜,r
r
. (A.6)
Given κ = 1/
√
2 (cf. (7.1) with n = 2), it is straightforward to check that the
equations of motion (3.7-3.10) for the Einsteins-scalar field system (3.1-3.2)
imply Rˆµˆνˆ = 0 above. Hence all solutions of the lower-dimensional reduced
system automatically produce solutions of the higher-dimensional one.
Appendix B. Christodoulou’s notation
One can translate Brady’s notation that we have been using to Christodoulou’s
[17] through
y−1 = e2λ, z−1 = 2(1− β), γ = θ, κ = k. (B.1)
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In terms of the latter, the system (3.32-3.34) reads
dλ
ds
=− (θ + k)(2βθ − θ + k)
2(1− β) , (B.2)
dβ
ds
=1− k2 − [(θ + k)2 + 1− k2]β, (B.3)
dθ
ds
=
k
β
(kθ − 1) + [(θ + k)2 − (1 + k2)] θ
+
1− β
kβ
[
1 + k2 +
β
1− β (θ + k)
2 − e2λ
]
. (B.4)
Also the constraint (3.35) for the massless scalar field becomes
e2λ = 1 + k2 +
β
1− β (θ + k)
2. (B.5)
Using this equation, we can remove λ in (B.4) and obtain a reduced system
dβ
ds
= 1− k2 − [(θ + k)2 + 1− k2] β, (B.6)
dθ
ds
=
k
β
(kθ − 1) + [(θ + k)2 − (1 + k2)] θ, (B.7)
which recovers the equations (0.27a,b) in [17]. It is straightforward to verify
that if the above system holds for β and θ, the function λ, as determined by
(B.5), automatically satisfies (B.2).
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